We study finite size effects of the d=3 XY model in terms of the chiral perturbation theory. We calculate by Monte Carlo simulations physical quantities which are, to order of (1/L) 2 , uniquely determined only by two low energy constants. They are the magnetization and the helicity modulus (or the Goldstone boson decay constant) in infinite volume. We also pay a special attention to the region of the validity of the two possible expansions in the theory.
Introduction
One has to cope with finite size effects in study of numerical simulations on lattices.
Recently Hasenfratz and Leutwyler [1] have applied to this issue the chiral perturbation theory [2] which is systematic and quite alternative to the finite size scaling [3] [4] . The chiral perturbation theory is originally a low energy effective theory of QCD and it has some systematic expansions in momentum of pions. For a system in a finite box with volume V = L d , which involves Goldstone boson(s), long range properties are dominated by the finite mass of Goldstone bosons. By controlling its effect in a way, the chiral perturbation theory enables one to calculate physical quantities in a systematic series in terms of 1/L
. As a way of controlling, an external source coupled to the field in consideration plays an important role. There are two manners, one is called the ǫ-expansion, and another is the p-expansion, which result in the series in different powers of 1/L. Each of them has its own characteristic region in the space of the the external source j. The ǫ-expansion characterizes the domain where j ∼ L −d , while the p-expansion corresponds to j ∼ L −2 .
In the present paper we consider the d = 3 dimensional O(2) non-linear sigma model, or XY -model. Though this model is simple, it is a good laboratory for studying the critical phenomena of the lattice scalar field theory with a global symmetry. From a realistic point of view as well, it is significant in connection with superfluid 4 He [5] . This model has widely been studied [6] [7] [8] [9] [10] [11] [12] [13] . It is therefore suitable to choose this model and to compare with those analysis in order to check whether the chiral perturbation theory works. The advantage of taking the model of the dimension three (d = 3) in the chiral perturbation theory is that finite size corrections to the partition function are uniquely fixed only by the two (three) low energy constants in the ǫ-(p-) expansion not only to the leading order 1/L but also to the next leading 1/L 2 [1] . They are the magnetization Σ and the helicity modulus Υ (and an additional constant for the p-expansion) in infinite volume.
The helicity modulus is a quantity associated with the response to the distortion of the direction of the spontaneous symmetry breaking [14] . An increment of the free energy per volume due to the distortion is given by ∆f = Υ(∆ǫ) 2 /2, where ∆ǫ stands for the gradient of the twist in one spatial direction . The equivalence between the helicity modulus and the Goldstone boson decay constant F is shown in ref. [1] ; Υ = F 2 . A numerical study of the finite size behavior of the system would then provide these constants and their associated critical indices in a high accuracy. To the d = 4 O(4) scalar model [15] [16] [17] and the d = 3 classical Heisenberg model [18] the chiral perturbation theory has successfully been applied.
As stated above, each expansion has its own characteristic region, which manifests itself in the external source plane. It is then worthwhile to have a careful look at where each of them is located and whether the two overlaps or not. The authors of the paper [15] have addressed this issue. We shall study this aspect in more detail.
This paper is organized as follows. In section 2 we define the model and fix the notations. We summarize the formulae of the ǫ-and p-expansions for the magnetization, the susceptibilities and the two point correlation functions. In section 3 we present the results of our numerical simulations based upon the cluster algorithm. Section 4 is devoted to conclusions and discussion.
2. The XY model and formulae of the chiral perturbation theory in 3 dimen-
sions
The O(2) linear σ model coupled with a constant external source j is defined in the continuum euclidean space time as
where φ(x) is a two component real vector (i= 0 and 1), and m and λ stand for the bare mass and the bare quartic coupling constant, respectively. The external source has only i = 0 component. To put the model on a lattice, one rescales all the dimensionful quantities by a lattice constant a, and conventionally uses three dimensionless parameters; the quartic coupling parameter λ lat , the hopping parameter κ and the external source J.
The lattice action is
where ϕ i n is the dimensionless field ϕ
sitting at site n and µ is a unit vector of the µ direction. The lattice parameters are related to those of continuum in such a way as (ma)
λ lat = ∞, the radial mode of ϕ n is frozen to unity, and the action reduces to that of the O(2) non-linear sigma model or the XY model.
Our aim in the present paper is to compute, in the d = 3 XY model, two low energy constants in infinite volume, which are the magnetization Σ
and the helicity modulus (or the Goldstone boson decay constant) F appearing in the following equation
where
The quantity φ 0 j,V is the expectation value of φ 0 in a three dimensional box with finite volume V in the presence of the external source j.
In d = 3, all the formulae of the chiral perturbation theory are basically fixed only by these two low energy constants to O(1/L 2 ). It is unlike the four dimensional models where a few additional constants are necessary [1] . In the following, we summarize the formulae of the chiral perturbation theory necessary to our analysis of finite size effects on the magnetization, the susceptibility and the two point functions. Detail about the formulae is found in ref. [1] for the ǫ-expansion and in ref. [19] for the p-expansion.
In order for the chiral perturbation theory to be effective, the Goldstone modes should be important at long distances. That is to say, finite size effects from the massive component with a mass m σ must be negligible compared to the Goldstone boson mass m π , i.e., 
one expects in the j space that the ǫ-(p-) expansion holds in the smaller (larger) j domain.
As one moves κ, each of the regions shifts. In the vicinity of the critical point κ c , Σ and
for a fixed L. Therefore the domain for the ǫ-expansion shrinks as κ approaches κ c from above, since the index η, anomalous dimension of the field, is smaller than unity for the model in consideration.
It is one of our motivations to locate the region of each expansion in the j space. It is also interesting to study to what extent each region is extended beyond the point where m π L ≈ 1. This is another motivation of our work. In the present paper we shall look into these aspects in detail.
All the formulae in this section are of order O(L −2 ). Hereafter we call the direction of the external source (i = 0) the longitudinal direction and another direction (i=1) the transverse one. They are denoted as and ⊥, respectively. We work only with finite volume and finite j, and drop, for simplicity, the suffices j and V from φ 0 j,V . As an expansion parameter we use α(= 1/F 2 L).
ǫ-expansion
The magnetization in the direction of an external source is
where u = ρ 1 ΣjV , and ρ 1 and ρ 2 are quantities depending on the shape of the box;
For a three dimensional symmetric box, β 1 = 0.225785 and β 2 = 0.010608. The quantity η in (2.5) is given by the modified Bessel's functions I n (x) as
Two point correlation functions are defined as
where the summation is taken over in spatial 2-volume at fixed "time" t (0 ≤ t < L). We consider two correlation functions; the longitudinal and transverse ones;
where τ = t/L and 0 ≤ τ < 1. In the ǫ-expansion each correlation function takes the following form
where coefficients a , b , c and d and their transverse counterparts are expanded in powers of α. The τ dependence enters through the following kinematic functions
(2.12)
The summation on the r.h.s. of h 3 (τ ) is taken over all integers (n 1 , n 2 ) except for n = (0, 0), and q n stands for q n = 2π n 
while the transverse ones in (2.11) are given by
(2.14)
Note that a, b, c and d
and O(α 2 ), respectively, for both the cases.
We use these correlation functions to extract the low energy constants. In addition to these, we find that the scalar product correlation function is also practically of much use;
where the coefficients a s etc. are given by
The longitudinal susceptibility is calculated from it's correlation function 17) and it takes the form
p-expansion
In the p-expansion to O(L −2 ) a low energy constant k 0 gets involved in addition to Σ and F for the magnetization and the susceptibilities.
The magnetization reads
, and ζ p is
The function g n (ζ)(n = 0, 1, 2, ...) are defined by
The correlation functions defined in (2.9) and (2.15) take the forms
where Z v is the wave function renormalization constant in a finite box with the form
The kinematic functionsh 1 (τ ) andh 2 (τ ) involved in the p-expansion arē
whereh on the r.h.s. is given bȳ
and ζ v is
The transverse correlation function has a normal form of massive scalar propagator to O(α), while the connected part of the longitudinal one (2.23) is O(α 2 ). We also consider the scalar product correlation function
is of practical use. The susceptibility in (2.17) in terms of p-expansion reads
(2.28)
Numerical simulations
We employ, to generate configurations, the Wolff's single cluster algorithm [20] and its modification in the case of presence of an external source [18] . The lattice shape which we take is a symmetric box with a volume V = L 3 , and the size of the box ranges from L = 32
to L = 64. The d = 3 dimensional XY model is known to have a second order phase transition at κ c = 0.45420(2) [9] . We calculate at κ larger than κ c , and choose two κ values κ=0.462 and 0.47 for main calculations of the low energy constants, and several more for obtaining the critical indices. The magnitudes of the external source changes from J = 0.0 to J = 5.0 × 10 −4 . In terms of continuum external source, which depends on κ, j ranges from 0 to 7.29 ×10 −4 for, say, κ = 0.47. We make measurements at each 5 updatings with typical number of configurations for measurements ranging from about 20,000 to 40,000.
The statistical errors are estimated by using the blocking and the bootstrap methods. We use the program system SALS [21] for the least square fitting of the data to the formulae.
We extracted Σ and F from three types of correlation functions in each of the ǫ-and p-expansions. We looked at the behaviors of each of the extracted values by varying J.
We also observed the magnetization and the susceptibility, and compared the results with the formulae of the chiral perturbation theory. Main results are in order.
(1) We found, as expected from the arguments in the Sec. 2, that the ǫ-expansion provides good results in the small J region, while the p-expansion does so in the larger J region.
We identified where the region of the validity for each of the two manners of expansions is located.
(2) The scalar product correlation functions provide stable results for the two constants. In the following we shall discuss the results in detail.
Correlation functions
In order to extract Σ(κ) and F (κ) from the correlation functions, we fit to the formulae (2.10), (2.11) and (2.15) for the ǫ-expansion and to (2.23), (2.24) and (2.27) for the p-expansion for each j at fixed κ. We use hereafter the notation Σ (ǫ,p),(||,⊥,s) for the value of Σ(κ) obtained from each type of correlation functions in each expansions. Similar notations are used also for F . All the extracted values of Σ and F are listed in Table   I Table II) . Although these bounds should not be taken strictly, it indicates that the p-expansion is expected to apply to no or only the narrow J region around J = 1.6 ∼ 2.5 × 10 −4 . In other words, the "window" for the p-expansion is almost closed or open only slightly. The results of our fittings are in good agreement with this inference (Fig. 3) .
Scalar product correlation function
Apart from the longitudinal and transverse correlation functions, we made also use of the scalar product correlation functions (2.15) and (2.27). During our fitting procedure we came to notice that the scalar product correlation functions are good correlators which provide stable fitting results. In particular, the ǫ-expansion works very well.
In Fig. 4 we show the results of Σ for both of the ǫ-and p-expansions at L = 32 for κ = 0.47 and 0.462. For both κ values Σ ǫ,s looks almost independent of J in the whole J range, and therefore it provides reliable result. This is the reason why we indicated the value Σ ǫ,s in Figs. 1 and 3 by the arrow as a reference. In the region of validity of the ǫ-expansion at each κ, Σ ǫ,s is consistent with Σ ǫ, and Σ ǫ,⊥ . Compared to the other two, Σ ǫ,s is much stable.
The value Σ p,s , on the other hand, vary as J moves. For κ = 0.47 it monotonically approaches Σ ǫ,s as J increases, and gives consistent result at J > ∼ 3.0×10 In the absence of J we calculated Σ and F at L = 64, and compared them with those of L = 32 and 48. As seen in Table V the results of Σ ǫ,s and F ǫ,s are consistent within errors.
Magnetization and susceptibility
We calculate the magnetization for the ǫ-expansion (2.5) for the p-expansion (2.19).
Rather than fitting (2.5) and (2.18) to the data to extract Σ and F , we put Σ and and κ = 0.47, in the previous subsection. In the p-expansion, an additional low energy constant k 0 is involved as mentioned before. To determine k 0 , we match the curve (2.19) to the data at some J. This property is successfully seen in the direct measurements. Quantitatively, however, there are some inconsistencies between the theoretical predictions and the numerical data.
The J dependence of χ || in the case of L = 48 is shown in Table VII . The situation is the same as in the case of L = 32.
Critical index
The critical indices β and ν are defined by 
Conclusions and discussion
We applied the chiral perturbation theoryà la Hasenfratz and Leutwyler to the d = 3
XY model in order to calculate the two low energy constants. They are the magnetization Σ and the helicity modulus F (or Goldstone boson coupling) in infinite volume. In the theory, two manners of the expansions are involved. One is the ǫ-expansion, which is valid in the region where m π L < ∼ 1, and another is the p-expansion, where m π L > ∼ 1. On L = 32, 48 and 64 lattices, we fitted the formulae of the correlation functions to the Monte Carlo data. All the values of Σ and F extracted in each of the regions of the validity are consistent and volume independent within errors.
We are also particularly concerned with the region of the validity of the two expansions.
As far as the two κ values are concerned, the lower boundary of the p-expansion is basically located at the region where m π L ≈ 1 holds. On the other hand, the ǫ-expansion stretches, for some cases, beyond the point M π L ≈ 1 to some extent than expected. The similar behavior was also observed in ref. [15] . Apart from the condition for m π L, the mass m σ of the massive particle puts a constraint on the validity of the chiral perturbation theory. As expected from these conditions, we have observed the significant difference of the behaviors of Σ and F v.s. the external source J for the two different κ values.
We found that the scalar product correlation functions are better correlators than the longitudinal and transverse correlation functions. Particularly the ǫ-expansion provides quite stable estimations of Σ and F . By use of it the overlapping of the validity of both the expansions is clearly seen. The reasons for the stability are in order. The coefficient
16) is independent of j, unlike the longitudinal b in (2.13) and the transverse counterparts b ⊥ in (2.14), in which j dependence appears through u = ρ 1 ΣjV .
To O(α), therefore, no response of G This may be due to the fact that the chiral perturbation theory becomes hard to apply as it is. Because, as one approaches the critical point, the mass m σ of the massive particle gets smaller and the ratio m σ /m π accordingly becomes small. In addition, the expansion
A few words for the values of the constant F . We compared the value of Υ calculated from F with the one in the available references. Our values** Υ = F 2 = 0.0515 (14) at κ = 0.462 and 0.042(2) at κ = 0.460 in infinite volume come slightly below the curves in the figures of refs. [6] and [8] , in which the lattice size L is at most 48. It is reasonable since in their data the values monotonically decrease as L grows.
** Note that F Table Captions Table I Σ and F for κ = 0.47 and L = 32. The symbol *** indicates the point where the p-expansion is beyond the applicability. The symbol ### shows that we failed to fit the formulae. The same symbols are used in the other tables. Table II Σ , and triangle corresponds to Σ p,⊥ . For small J there is a significant difference between the ǫ-and p-expansions. The arrow shows the mean value of Σ ǫ,s , as a reference, which is calculated from Σ ǫ,s at seven J points in Table I . The value Σ ǫ,s is regarded as the best estimate of Σ. Detail about Σ ǫ,s is found in the latter part in this section. Fig. 2 F v. s. J for κ = 0.47 and L = 32. Circle indicates F ǫ,|| , square is F ǫ,⊥ , and triangle corresponds to F p,⊥ . The location of the arrow shows the mean value of F ǫ,s , as a reference, which is estimated in the same manner as in Fig. 1 from Table I . It is also the best estimate of F . 
